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Abstract

Heat transport at the microscale is of vital importance in microtechnology applications. The heat transport equation
is different from the traditional heat diffusion equation since a second-order derivative of temperature with respect to
time and a third-order mixed derivative of temperature with respect to space and time are introduced. In this study, we
consider the heat transport equation in spherical coordinates and develop a three level finite difference scheme for
solving the heat transport equation in a microsphere. It is shown that the scheme is unconditionally stable and con-
vergent. The method is illustrated by two numerical examples.

© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Heat transport through thin films or micro-objects is
of vital importance in microtechnology applications
[1,2]. For instance, thin films of metals, of dielectrics such
as SiO,, or Si semiconductors are important components
of microelectronic devices. The reduction of the device
size to microscale has the advantage of enhancing the
switching speed of the device. On the other hand, size
reduction increases the rate of heat generation which
leads to a high thermal load on the microdevice. Heat
transfer at the microscale is also important for the pro-
cessing of materials with a pulsed-laser [3,4]. Examples in
metal processing are laser micromachining, laser pat-
terning, laser processing of diamond films from carbon
ion implanted copper substrates, and laser surface
hardening. Hence, studying the thermal behavior of thin
films or of micro-objects is essential for predicting the
performance of a microelectronic device or for obtaining
the desired microstructure [2]. The heat transport equa-
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tions used to describe the thermal behavior of micro-
structures are expressed as [5,6]:

S or

oG d
Zj—i—rqa_?:—k{VT—i—tr&[VT]} (2)

where § = (q1,42,q3) is heat flux, T is temperature, k is
conductivity, C, is specific heat, p is density, O is a heat
source, 1, and 7, are positive constants, which are the
time lags of the heat flux and temperature gradient,
respectively. Egs. (1) and (2) are normally termed in the
literature as energy balance equation and constitutive
relation of heat flux density, respectively. In the classical
theory of diffusion, the heat flux vector (§) and the
temperature gradient (V7) across a material volume are
assumed to occur at the same instant of time. They
satisfy the Fourier’s law of heat conduction:

G(x,y,2,t) = —kVT(x,y,2,1). (3)

However, if the scale in one direction is at the sub-
microscale, i.e., the order of 0.1 um, then the heat flux
and temperature gradient in this direction will occur at
different times, as shown in Eq. (2) [5]. The significance
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Nomenclature

A, B, C constant coefficients

C, heat capacity

E-'2 finite difference operator
laser fluence

thermal conductivity

the length of radius of the sphere
number of grid points
finite difference operator
heat source

reflectivity

radius

, Ty temperature

time

Qx> <

N Y X

o
~
S

t laser pulse duration

uj mesh function where 7 is the time level and j
is the grid point

¢ difference between the exact solution and

numerical solution
V,, V; first order forward, backward finite differ-

ences

AT temperature change

At, Ar  time increment, grid size

P density

a truncation error

7, time lag of the heat flux

Tr time lag of the temperature gradient

of the heat transfer equations (1) and (2) as opposed to
the classical heat transfer equations has been discussed
in [5] (see pp. 127-128). In Fig. 5.9 (see p. 128 in [5]) the
author shows that for 17 =90 ps and 7, = 8.5 ps the
predicted change in ﬁi‘x over time gave an excellent fit to
the data and was significantly different from that pre-
dicted by the classic heat transfer equations.

Analytic and numerical methods for solving the
above coupled Egs. (1) and (2) have been widely inves-
tigated [5-22]. Tzou and Ozisik [5,6] considered Eqs. (1)
and (2) in one dimension and eliminated the heat flux ¢
to obtain a dimensionless heat transport equation as
follows:

oT FT 0T 3T
Yot P T ot o
where A4 :%, B :I"’Zﬁ, C =17, and G:%(Q—i-rqaa—?).
They studied the lagging behavior by solving the above
heat transport equation (4) without body heating in a
semi-infinite interval, [0,+o00). The solution was ob-
tained by using the Laplace transform method and the
Riemann-sum approximation for the inversion [8]. Tzou
and Chiu [9] also studied the temperature-dependent
thermal lagging in ultrafast laser heating. Wang et al.
[10-12] developed methods of measuring the phase-lags
of the heat flux and the temperature gradient and ob-
tained analytical solutions for 1D, 2D and 3D heat
conduction domains under essentially arbitrary initial
and boundary conditions. Solution structure theorems
were also developed for both mixed and Cauchy prob-
lems of dual-phase-lagging heat conduction equations.
Tang and Araki [14] derived an analytic solution in finite
rigid slabs by using the Green’s function method and a
finite integral transform technique. Lin et al. [15] ob-
tained an analytic solution using the Fourier series. Al-
Nimr and Arpaci [16] proposed a new approach, based
on the physical decoupling of the hyperbolic two-step

+ G, 4)

model, to describe the thermal behavior of a thin metal
film exposed to picoseconds thermal pulses. Chen and
Beraun [17] employed the corrective smoothed particle
method to obtain a numerical solution of ultrashort
laser pulse interactions with metal films. Dai and Nassar
[18] developed a two-level finite difference scheme of the
Crank—Nicholson type by introducing an intermediate
function for solving Eq. (4) in a finite interval. It is
shown by the discrete energy method that the scheme is
unconditionally stable. The scheme has been generalized
to a three-dimensional rectangular thin film case where
the thickness is at the sub-microscale [19]. Further, Dai
and Nassar [20,21] developed high-order uncondition-
ally stable two-level compact finite difference schemes
for solving Eq. (4) in one- and three-dimensional thin
films, respectively. In this article, we consider the case
where the heat transport is in a microsphere. The heat
transport in a microsphere is important not only in
microtechnology applications (such as predicting the
thermal energy around a microvoid in order to improve
the efficiency of thermal processing [5]) but also in bio-
medical applications, such as hyperthermia cancer
therapy [23]. One needs to predict the temperature dis-
tribution in a tumor in order to evaluate the thermal
success of hyperthermia cancer treatments and optimize
their applications. In this study, we assume that the laser
irradiation is symmetric on the surface of the sphere for
simplicity. As such, Eq. (4) used to describe the thermal
behavior of a microsphere in spherical coordinates can
be written as follows:

C a_T+ az_T
PR\ T
ko /,or ko[ ,0T
_rzar(r 6r)+rrr2@r(r orot +G 0<r<i,
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where L is the radius of the sphere. The initial and
boundary conditions are assumed to be

T(r,0) =0, argt 9 (6)
and
oT(0,1) OT(L1)

o o =0 (7)

Such boundary conditions arise from the case where the
sphere is subjected to a short-pulse laser irradiation.
Hence, one may assume no heat losses from the spher-
ical surface in the short time response [5]. However,
other boundary conditions can be applied without dif-
ficulty. Since the well-posedness of the dual-phase-lag-
ging heat conduction equation, Eq. (4), and the analytic
solutions of Egs. (5)—(7) have been discussed in [10—
12,22], we assume that the solution of the above initial
and boundary value problem is smooth. Because the
exact solution is difficult to obtain in general, our
interest is in developing an unconditionally stable and
convergent finite difference scheme for solving the above
initial and boundary value problem. Unconditional
stability and convergence are particularly important so
that there are no restrictions on the mesh ratio, since the
grid size in the r-direction of the solution domain is very
small.

2. Finite difference scheme

We denote 7} as the numerical approximation of
T(jAr,nAt), where Ar and At are the r directional spatial
and temporal mesh sizes, respectively, and 0 < j <N so
that NAr = L. We use the following difference operators:

T, —Tr T —T"

" — J+1 J = J-1 )
Vi Ar Vi Ar

A three-level finite difference scheme for solving the
above initial and boundary problem (Egs. (5)-(7)) is
developed as follows:

T_n+l _ T_n—l T-"+1 _27" + Tp—l
pC J J + T J J J
2At K (A1)

n+1 n n—1
k(BT
P2 4

J

k Tn+1 T_nl
+ 17 zph Tt/ +G?7 I<j<N -1,

(8)
where P, is an operator such that
Ty —T, T, — T,
=2 J+1 J 2 J J—1
P(T) =15 R Iy AU Ry W ©)

The initial and boundary conditions are discretized as
follows:

0 _ ol _
T’ =T =0 (10)
and

VI =0, V;Iy=0 (11)

for any time level n. It should be pointed out that we use
N+] 27-11 ™= 1

a weighted average i
vergence.

The stability and convergence of the scheme (Egs.
(8)—(11)) are shown by using the discrete energy method
[24,25]. Two theorems are obtained as follows:

for stability and con-

Theorem 1. Assume that T} and S} satisfy Eq. (8) and the
same initial and boundary wndltlom Egs. (10) and (11),
but different source terms G, and G,. Let up =T — Sj".
Then uj satisfies, for any 0 < nAt < t,
4pC | (! = o) |+ kAL (E7 ) Vi )
)2
<2’0A[013,§§n”g " (12)

where g8 = (G1)} — (G,)}, and E™'* is a shift operator
such Zhat E-\2 r; = ri—q,2). Hence, the scheme is uncon-
ditionally stable with respect to the source term.

Theorem 2. Assume that the solution of the initial and
boundary value problem, Eqs. (8)—(11), is smooth. Let
&) = T(jAr,nAt) — T}, where T(jAr,nAt) and T} are the
exact solution and numerical solution, respectively. Then,
&} satisfies, for 0 < jAr <L and 0 <nAt<ty,

12, Vi(n+1+8n)|‘?
ER) V(e + )|

490, (& — ) + k(A (5

<4pCr,|lr (s — &) + k(A0)’[| (

+ 2081 max (llg”| + [lo”])
0<m<n

212

+ kl()(C] + Cz)AtArmax 67
rt

72

; (13)

3

0
or2ot

+ kl()‘L'T(C3 —+ C4)AIAV max
rt

where C;, i = 1,2,3,4, are positive constants. Hence, the
scheme is unconditionally convergent.

Here, the inner products and norms are defined as
follows:

N-1
=AM wv, P = (uu)
=1
and

N
(V;«Uj7 V?uj)l = Ar Z(V;Uj)z.

=

IV rul[; =
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The proofs of the above two theorems are placed in
Appendix A.

3. Numerical examples

To test the accuracy of our scheme, Egs. (8) and (9),
with initial and boundary conditions, Egs. (10) and (11),
we consider a simple initial and boundary value problem

o7, 1L ET_1a(0m\ 1 0(,0T
ot 2w o P2 or or n2r? Or d orot

o
——e

3 =1 cos(mr), (14)

where the exact solution is
T(r,f) =e ™ cos(mr), rel01]. (15)

The initial and boundary conditions are chosen from
the exact solution. To apply our scheme, we chose
Ar = 0.001 and Ar = 0.0025, 0.001. Numerical results
for t = 0.1, 0.2 and 0.5 are shown in Figs. 1 and 2. In
Fig. 1, the maximum errors at = 0.1, 0.2, and 0.5 were
4.1561x 1073, 4.0482x 1073, and 3.7276x 1073, respec-
tively. In Fig. 2, the maximum errors at = 0.1, 0.2, and
0.5 were 1.6596x 1073, 1.6147x 1073, and 1.4855x 1073,
respectively. From these two figures, we can see that the
numerical solutions are convergent to the exact solution.

To demonstrate the applicability of the scheme, we
investigate the temperature rise in a gold sphere. The
radius (L) for the gold sphere is 0.1 pm. The properties
of gold are C,=129 klJ/kg/K, k=315 W/m/K,

0.4
[ ———— Exactwitht=0.1
r — — Exactwitht=02
03 —--—- Exactwitht=0.5
L o Numerical witht=0.1
F a Numerical witht=0.2
r © Numerical with t = 0.5
02+
Al ‘A‘A\A
01 e

Q
AN
S00-0-0.0 .0 088 0.0.0.0.0.0.0.0-0.00.

P 0.0 0 0
= 0_— -

Fig. 1. Comparison of the numerical solutions with the exact
solution where Ar = 0.0025 and Ar = 0.001.

04
Exact with t=0.1
H " — — Exactwitht=02
03 - S —--—- Exactwitht=0.5

[} Numerical with t=0.1
a Numerical with t=0.2
° Numerical with t=0.5

Fig. 2. Comparison of the numerical solutions with the exact
solution where Ar = 0.001 and Az = 0.001.

p=19,300 kg/m?, 7,=85 ps (1 ps=10""? s) and
7r =90 ps [3].
The heat source was chosen to be [5]

1 -R] Lram(Se
0(r.1) :0.944 }e wam() , (16)
1,0
where J = 13.4%, £, =100 fs (1 fs = 107 5), 6 = 15.3
nm (1 nm= 10" m), and R = 0.93.
The initial conditions were chosen as follows:

T(x,y,2,0) = T, %—{(x,y,z, 0) =0, (17)
where T,, = 300 K.

The boundary conditions were assumed to be insu-
lated. Such boundary conditions arise from the case that
the microsphere is subjected to a short-pulse laser irra-
diation. Hence, one may assume no heat losses from the
spherical surface in the short-time response [5].

To apply our scheme, we chose three different meshes
of 100, 200 and 400 grid points. The time increment was
chosen to be 0.005 ps.

Fig. 3 shows the change in temperature ((M%—fm) on
the surface of the gold sphere. The maximum tempera-
ture rise of 7 (i.e., (AT) max) on the surface of the gold
sphere is about 14.60 K. It can be seen from the figure
that there is a significant difference between the dual-
phase-lagging behavior and diffusion (no dual-phase-
lagging). Also, the maximum temperature rise of 7T (i.e.,
(AT) max) on the surface of the gold sphere is about 20
K for diffusion.
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max

ATIAT)

Fig. 3. Normalized temperatures at the surface of a 100-nm
gold sphere irradiated with a 0.1-ps laser pulse at a fluence of
13.4 Jim?.

Fig. 4 gives the temperature rise along the r-axis for
different times (+ = 0.2, 0.3, 0.5, 1.0 and 10.0 ps). It can
be seen from Fig. 4 that the temperature rise is on the
surface and heat is transferred to the center of the sphere
until it approximately reaches steady state at = 10.0 ps.

15;
145— t=0.2ps -
£ — — t=03ps
13:_ — - — t=05ps /
E t=1.0ps /
12F —--—- t=10ps
1E
o 10f
z"
o 9F
RZ] E
gk
e
s
g 6F
4F
2f
1F
O:

0 10 20 30 40 50 60 70 8 90 100
r (nm)

Fig. 4. Calculated temperature profiles for a 100-nm gold

sphere irradiated with a 0.1-ps laser pulse at a fluence of 13.4 J/

m?.

4. Conclusion

In this study, we develop a three-level finite difference
scheme for solving a dual-phase-lagging heat transport
equation in spherical coordinates. It is shown by the
discrete energy method that this scheme is uncondi-
tionally stable and convergent. Numerical results show
that the scheme is efficient.
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Appendix A

We will employ the discrete energy method [24,25] to
show the stability and convergence of the scheme, Eqs.
(8)—(11). To this end, we first introduce the definitions of
the inner products and norms between the mesh func-
tions u; and v;. Let S, be a set of {u = {u_,-}];/:(,}. For any
u, v € S, the inner products and norms are defined as
follows:

N-1
(uvv) = ArZuj U ||u||2 = (ua u)
J=1

and
N

va”m = (Veu), Vo), = A’”E(Vf”j)z-

=1

The following Lemmas 1 and 2 can be easily obtained.

Lemma 1. For any n,
N-1

2 n+1 n n—1 n+1 m—1
Ay (nt oy ) (1 - 1)

J=1
1

o () - ()]

j=1

= [r(rt =) = [l (7 = Y (A1)

Lemma 2. For any n,

N

AVZ (E—I/Zrlz)v;(TjnJrl +2T;1 + Tfn—l)
j=
. v; (T}’H’l _ T;z—l)

- Arijl: (E—m,f) , {(V;@M N T;)>2
_ (V?(T,/n + TJ."*'))Z]
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=lE v ey
~llE v T (A2)

where E=V/? is a shift operator such that E™'*r; = r;_1 ).

Lemma 3. For any mesh functions T; and S;,

ArZPh = —Aer:rjz;(

j=1

— 1y Vel - So + 7312y VT - S

1) Vil - VS,

(A3)
Proof. One may obtain from Eq. (9) that
N-1
ArY Pi(T)-S,
j=1
N-1 N-1
Ty — T T — T,
= Ar AR LS. — Ar P / IS
= J+(1/2) (A )2 J ; J—=(1/2) (Ar)2 J
N N-1
T, — Ty T, — T,
=Ar r2712 / S —Ar Y i), ’2 S;
FZZI(/) (A) g ;/(/) (A)
N N
T, — T, — T
_ 2 J Jj=1 Jj—1
7Arzlrk(l/2) 0 )2 Si1 Arzlr/ (1/2) T )2 S;
J= J=
Ty — T¢ Ty — Ty
2 1 0 2 N N-1
TS W ST YE Ry wmn
N
I —Tp
= =AY 4 Vel VS =y = S0
j=1
Ty — Ty
A Ry vt
N
= =AY 3 1) VT VS = 1 Vi Ti - So
j=1
+ry 4 Velv-Sy. O (A4)

Proof of Theorem 1. It can be seen that uf satisfies

c u;_l+l _ u;?—l e ‘)H»l 214 + un 1
p 2At K (A1)

n+1 n n—1
:ﬁf’; uit + 2u)
" 4

e (=t
+Trr—2Ph oA +& I1<j<N -1

1 t
(A.5)

and the initial condition
W =u; =0, 1<j<N-1 (A.6)

and boundary condition

Vil =0, Vs =0, n=0. (A7)
Multiplying Eq. (A.5) by 4(A)*Ar-r2 (it — i)

and summing j from 1 to N — 1, we obtain by Lemmas

1-3 and Eq. (A.7)

20CAr (w0 = w )|+ 4pCe, [l — u) P

— Il =]
a1 (& 1/2> ]
H E )V, 4w 1)!1?]
~ ey (B2, =
+ (e ,4(At)2r2(u"+1 - u"*)). (A8)

By Cauchy-Schwarz’s inequality, we obtain
4(At)2(gn7r2(un+1 _ un—l))
<2080 [l + 2wt =P
[l P+ Ll —w P (as)
Hence, Eq. (A.8) becomes
At(zﬂc - ZAILZ)"r(u"+1 _ un—l)H2
o[~ Hz It ]
+ k(At) [H( —1/2 ) s +u") H
S [CROMACIERES ||}
+2kAt‘L'TH 1/2 V?(un-%—l _ un—l)”f

1

Choosing At so that 2pC — 2AtL? > 0, dropping out the
first and fourth terms on the left-hand-side of Eq.
(A.10), and then using Eq. (A.6), we obtain

u")”2 + k(At)ZH (E"/Z;")V;(u”+I + u")H2

4pCr, Hr(u”*l — 1

<4perHr(u” - u"’l)H2
+ k(A (E7R) Vo 4w ||} + 2008
< <ApCr e — )
2 —1/2 ] 0y (12 2 mi|2
+ AL (E7Pr) Vo + )[4 2nA2 max g”|

m 2
<2tAt max [lg”||", (A.11)
which completes the proof. [

Proof of Theorem 2. It can be seen that & satisfies

c 8jr_l+l _ 87_1 ;1+l 28 _,’_Sn 1
p +1

2At q (A1)
k 87_/+1 + Qe + sr_l—l k 8’-’+1 _ sr_z—l
_tp (G TN T pl &%
el < 4 tr WYY
+q)+0] (A.12)

and initial and boundary conditions

Q=10 &= (A.13)

i
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and

N n n 1
& —¢& _ . &y T &y n

Ar =81 T:gz (A.14)

for any level n. Here, gj=1Ar %, g =

LAr PIW-140Arm8) - where (0< 0, < 1. Furthermore, q!

-
or?

represents the error between G(jAr, nAt) and G}, and o
represents the truncation error of the scheme. It can be
seen that o7 = O(AF” + Ar?).

Multiplying Eq. (A.12) by 4(A7)*Ar- (et e,
summing j from 1 to N — 1, and using Lemmas 1-3, one
obtains

20CAlr(e " — Y| +4pcrq[|}("+ug")|;2

= [Jr(e" =& H]+k A2 (| ()

—|E2) Ve + & )]
+2krTAtH 1/2 V;(e"“ - 8”’1)‘}?
= k(A0 CapVeley! + 26 +ey ) (e — ey )

— k(A Vi(E 28+ ) (T — ")

+ 2Adktrry o Ve(eh ! — e t) - (e — ey )

— 2Adktrrfy ) V(] — €7 - (et —eg)

+ 4(Ar)? (¢, 7 (" —e))

+4(A)? (o, 2 (& — & h).

n+1 +8 Hl

(A.15)

We now estimate each term of the right-hand-side of
Eq. (A.15). Using the generalized Cauchy-Schwarz’s
inequality and Eq. (A.14), we estimate the first term as
follows:

(AR Vo (e + 285 + ™) - (e = ™)

+2g 4+ ) - (e — e
+AI"( n+1 g;il))|

n— 2
ék(Af)z {A” : ”?vf(1/2) (SN 1 &y 11)

= ‘k(At) ”1%17(1/2) (&

+ 5 (1P + et + bt )|

k Al LZH n+1 nfl)Hz

kC, (At _
PGB (p 4 a7 4 )
<k(At)2L2Hr(:3"+1 - s"’l)Hz
2

, (A.16)

T

2
+ kCy(At) Arn}ftlx =

where C; is a positive constant. Using a similar argu-
ment, we estimate the second, third and fourth terms as
follows

(A7 o) T + 265+ 07 - (55— )|
+2g +27")
(e — g = Ar(g! g{:—l))’

gk(Ar) {Ar ”1/2( g 1)2

= ‘k(At)zr(zl/Z) (g

o (1 + et + et )|
<KM@ — )

kCz(A[
A
k(AL [r(en! — e )|

2

(ler*' + 11 +

gnl )

2
T
+kC2(At)2Ar111y?}x 7 (A.17)
Y A B Gl
= ‘2Atk‘t,'r}”,2\,,(|/2) (g 7g; 1) (87V+ll 87\’ ll
+ Ar(gs! gZ’l))’
J n— 2
<ktr [(AI)ZAV : ”?\1—(1/2) (exh — &)
n n— 2
A !g ! - £ l’}
<ker(APL[r(e ! — & )|
3 2
2
+ k1 C5(At) Armr%x 2701 (A.18)

and
2tk 2,9 (57 — ) - (57 — 57|
= ‘2Atkrrr(21 /2) (g7+1 e
(& = - A gr1>>\
Sk [(At)zAr'r?1/2>( —&) ’g”“ gi’*l!z}

<hrp (A L[ — e |
2
, (A.19)

3

or2ot

+ ktrCy(Ar)? Armax

where C,, C; and C, are positive constants. Using
Cauchy-Schwarz’s inequality, we estimate the fifth and
sixth terms as follows

’4At2( n7r2(8n+1 _ 8}171))’

<282 g7 + 22|t = )] (A.20)
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and
|4Al2(0'n V2(8n+1 _ 8}171))|

<2AP [||a P+ 22| (e —s"*‘)||2]. (A.21)

Substituting Eqs. (A.17)-(A.21) into Eq. (A.16), we
obtain

At(2pC — 412Nt — 2L At — 2kLPr A || (7 — &) ||
+4pCe, [[r(et =) = r( = o)

12, v?(8i1+1+8n)“f

+ kAP U\
H 1/2 Si1+8n 1 H]
+ 2kAr || (E7 2R Vo (e — )|

<282 (llg" I + 1’| )

1

2
+k(Cy + Cz)(At)zArme}x —

3 2

2
+ kTT(C3 + C4)(At) Armax m

rit

(A.22)

Choosing At so that 2pC — 4L2At — 2kL*At — 2kL* Tt At >
0, and dropping out the first and fourth terms on the
left-hand-side of Eq. (A.22), we obtain

4pCr,[|r (e = )|+ (A (B2 V(! + ) |}
<4pC‘chr(F” gt HZ
R (B + )|

+2(80°(lg"II> + 1"

erl

+k(C1 + Cz)(Al) Armax 6r2

T |

+ ktr(Cs + C4)(At) Armdx 375

- <4pCr,||r(e' — SO)H
TR (BP9 ()
m 2 m 2
+ 2680 max ([lg" +lo"I)

2 (2

+ kto(C1 + Cz)AlA}’I'ﬂr?t.X W

3 2

+ ktotr(Cs + C4)AtArmax 37

(A.23)

which completes the proof. O
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